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The influence of the t r a n s v e r s e  cu rva tu re  of a x i s y m m e t r i c  bodies and the concentra t ion  
f ac to r  on the f r ic t ion and heat  and m a s s  exchange under the conditions of f ree  spat ia l  con-  
vect ion of nonl inear ly  v iscous  fluids is de te rmined  f rom the solution of nonlinear boundary 
value p rob lems .  

F r e e  convect ion in rheologica l ly  complex  med ia  has a t t rac ted  cons iderab le  at tention in recen t  y e a r s  
[1, 2]. It has  been shown in a number  of expe r imen ta l  r e s e a r c h e s  [3, 4] that many  flowing media  exhibit  
nonl inear ly  v iscous  p r o p e r t i e s  for  the range of shea r  ve loci t ies  r ea l i zab le  under f r ee  convect ion conditions,  
and can be desc r ibed  by a "power - l aw"  rheologica l  equation of s tate.  Plane p rob l ems  of the f r ee  convection 
of a non-Newtonian fluid have been examined in [1-4], while the Stewart  pape r  on the spat ia l  p rob lem should 
be noted [5]. However ,  spat ia l  p r o b l e m s  of the f r ee  convect ion of non-Newtonian fluids around s lender  
bodies  of revolut ion (the boundary l aye r  th ickness  is c o m m e n s u r a t e  with the radius  of the body of revolution) 
have not genera l ly  been cons idered  up to now. Such p rob l ems  a re  often encountered in appl icat ions ,  e s p e -  
c ia l ly  in probe  m e a s u r e m e n t  techniques and the r emo te  control  of technological  p r o c e s s e s .  Analogous 
p r o b l e m s  of dynamics  and heat exchange have been cons idered  in a number  of pape r s ,  of which [6, 7] can 
be noted, for  forced convect ion conditions. 

The d imens ion less  equations of a t h ree -d imens iona l  s ta t ionary  boundary l aye r  for  the p rob lem of 
t he rma l  f ree  convect ion of a nonl inear ly  v iscous  fluid around a ve r t i ca l  s lender  body of revolut ion,  neg lec t -  
ing the t e m p e r a t u r e  dependence of the phys ica l  p r o p e r t i e s  (except the density in the "lift" t e r m  in the equa-  
tion of motion) a r e  
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The gene ra l i zed  P r  n u m b e r  is qui te  l a rge ,  
rea l  boundary  l a y e r  th i ckness  is m u c h  l e s s  
con t r ibu t ion  of  the i ne r t i a l  t e r m s  within  the t h e r m a l  boundary  l a y e r  i s  negl igible  [1, 5]. M o r e o v e r ,  fo r  
s l ende r  bodies  of  r evo lu t ion  c~ i ~ 0, hence ,  a 1 ~ 1 can  be a s s u m e d  in the equat ions  of  mot ion  (1). Then 

0 [ lout -~Ou'] 
r [ - -  i - - -  . Oy ~ ; Oy , oq J -l- rO = O' 

Oox (ru) + @ (rv) = O, 

O0 O0 O [ r O0 
" o-T-  - -  ~v oy oy ~ -5~-y ] " 

The boundary  condi t ions  (4) a r e  hence  modif ied  to the f o r m  [2, 5] 

as  a ru le ,  fo r  t r i ck l ing  highly v i scous  fluids. Hence ,  the t h e r -  
than the dynamic  boundary  l aye r  th ickness .  Consequent ly ,  the 

(6) 

(7) 

(8) 

u = v = 0 ,  @ ~ 1  a t y = 0 ;  

Ou 
- - - ~ 0 ,  0 - - ~ 0  as " y - - ~ o o .  

@ 

A f t e r  hav ing  in t roduced  the new dependent  and independent  v a r i a b l e s  and p a r a m e t e r s  

x 

~ = ~ u ~' (x) ~(~) dx, 
0 

Y 

~1 = a~ - v  u (x) .I rdy, 
0 

= b~Vf (n), 

A = 2~v 
au (x) ~g (x) 

(9) 

(i0) 

(11) 

(12) 

(13) 

w h e r e  ~' is d e t e r m i n e d  f r o m  the cont inui ty  equat ion ru  = Oq~/Oy, rv  = -Og~/3x,  the s y s t e m  (6)-(9) is c o n -  
ve r t ed  into the two equat ions  

n + l  n-- I  
' , / '  " n - 1  - - - -  tZ - ~  1 o 

nf  lf i (1 A~I~ 2 _~___f , , i f , , : t ,~ -~•  A(1-} Aq) " 
2 

- -  _- '  O ~  '}(n+1)" r o  ( n + l )  a - ( 2 n + l ) b - n U  -(2n+l)  = O, (14) 

b 
0" (1 ~ An) + O'A ~- O,fUa-~ ~-~v-I ro~-2 = 0 (15) 

a 

with the boundary  condi t ions  

f'=f=O, 0 = I  at n=O, (16) 

f'-->-O, 0-+0 at n - + ~ .  

The following functional relations 

~v N Cr~, ~v!~+,) ~ U2n+1 rE+,, ~,-~v N r0 ~-2 U ~-'. (17) 

result  from the requirement of se l f -s imi lar i ty  of the problem. We obtain 

3n-}-I n 

~ U ("+i)v, r 0 ~ U n~:l . (18) 

from the f irst  two relationships of the system (17). Substituting (18) into the last expresssion of the sys -  
tem (17) y ie lds  

V n~Y-3n-l-~-3n'~q-Y@cz~nq-cW ~ const, (19) 
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f r o m  which  t h e r e  m u s t  fo l low 

n ~ ?  - -  3 n  - -  1 -i- 3n7 + 7 i -  uTn = ~ 7  = 0 .  

The r e l a t i o n s h i p  (19) i s  the  s i n g l e  c o n n e c t i o n  b e t w e e n  the unknowns a ,  /3, y which  can  be d e t e r m i n e d  f r o m  

the s y s t e m  (17). 

Going o v e r  to the p h y s i c a l  v a r i a b l e s ,  by  us ing  (10) and (17), y i e l d s  the s econd  equa t ion  

4n V : -  5c~n 7 - -  3 a n y  ~" - -  3n - -  i - -  n~7 ~ 2~ 7 F 7 - -  ~z~n7" - -  7 Z a e n  - -  a"-7 e - -  aS, e = 0, (20) 

M o r e o v e r ,  the func t iona l  r e l a t i o n s h i p  

n7 

r 0 ~ x 3~+l-v~,-v~-~v (21) 

i s  ob t a ined .  

The  s y s t e m  of  two n o n l i n e a r  a l g e b r a i c  e q u a t i o n s  (19), (20) in the t h r e e  unknowns a ,  fi, 7 a d m i t s  of a 
unique  s o l u t i o n  fo r  a :  

a = - -  1 (22) 

and a s e t  of s o l u t i o n s  fo r /3  and 7. H o w e v e r ,  t h e r e  m u s t  e x i s t  a c o n n e c t i o n  be tw e e n  fi and y 

1 n 
- -  ( 2 3 )  

7 ([3 +2)  3n -i- 1 

Equa t i ons  (21)-(23) t u rn  out  to be  s u f f i c i e n t  fo r  the d e t e r m i n a t i o n  of  the s e l f - s i m i l a r i t y  c o n d i t i o n s  

n--1 n 

U x 3n@I" 3n--i- 1 
= , r o = c x  (24) 

In o r d e r  to e l i m i n a t e  the c o n s t a n t s  f r o m  the s y s t e m  (14)-(15),  i t  i s  n e c e s s a r y  to d e m a n d  

a =  c ~v-17 v, b =  c ~ - ~ 7  -v. (25) 

It  should  be noted tha t  a c c o r d i n g  to (25), the p a r a m e t e r s  a and b t ake  on d i s t i n c t  v a l u e s  depend ing  
on the s e l e c t i o n  of  s p e c i f i c  v a l u e s  of f~ and 7 s a t i s f y i n g  (23). 

T h e r e f o r e ,  the p r o b l e m  r e d u c e s  to a s y s t e m  of n o n l i n e a r  o r d i n a r y  d i f f e r e n t i a l  equa t i ons  

n + l  n- - !  

nf'"if"in-l(1 @A~) 2 n-c- l f , , ] , , L , ~ _  1 x A(I  !-Avl) ~- -i- 0=0, (26) 
2 

O" (1 -~- Aq) -!- A@' -~- f@' = 0 (27) 

wi th  the  b o u n d a r y  c o n d i t i o n s  (16), w h e r e i n  b e s i d e s  the r h e o l o g i c a l  p a r a m e t e r  n, an a d d i t i o n a l  p a r a m e t e r  
A i s  con t a ined  w h i c h  r e f l e c t s  the in f luence  of the t r a n s v e r s e  c u r v a t u r e .  The l o c a l  h e a t  exchange  and f r i c -  
t ion  c o e f f i c i e n t s  a r e  d e t e r m i n e d  f r o m  the f o r m u l a s  

1 n 2n@l 

Nu -- - -  (3' (0) Gr 2(~+lf pr-3~+, x 3 n + l  

1 n+2 1z 

Q = 2 [fl'(0)J'~Gr 2(,,+,) Pr 3~+1 x 3,~,- 

The  a v e r a g e  c o e f f i c i e n t s  e q u a l ,  r e s p e c t i v e l y ,  

N~ --  3n : -  1 0 '  (0)Gr 2(~+1)" Pr 3,~=1 
5n -F 2 

I n@2 

--  2(3n -~ 1) [f"(0)VGr 2(~+i)Pr 3~--1 df  == 

3n. 2 

(28) 

(29) 

The  s o l u t i o n  of th is  p r o b l e m  h a s  b e e n  ob ta ined  on the M i n s k - 2 2  e l e c t r o n i c  c o m p u t e r  by a m o d i f i e d  
Newton  me thod .  Some r e s u l t s  of  the  c o m p u t a t i o n  a r e  p r e s e n t e d  in F ig .  l a .  The t r a n s v e r s e  c u r v a t u r e  
p a r a m e t e r  a f f e c t s  - |  (0) and f"(0) qui te  s t r o n g l y ,  and  t h e r e f o r e ,  a l s o  a f f e c t s  the hea t  e x c h a n g e  and f r i c t i o n  
c o e f f i c i e n t s  of  s l e n d e r  b o d i e s  of  r e v o l u t i o n .  The  w e a k  d e p e n d e n c e  of  - |  (0) on the n o n - N e w t o n i a n  b e h a v i o r  
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pa rame te r  should be noted. Moreover ,  if magnificat ion of the non-Newtonian proper t ies  resul ts  in a 
diminution in the quantity - |  (0) for  small  values of the curvature  pa ramete r ,  then the opposite tendency 
(Fig. la) is observed for  large values of A. A diminution in the pa rame te r  n resul ts  in a sharper  depen- 
dence of f" (0) on the values of A. The quantity f" (0) i tself  depends essent ial ly  on the index n of non-New- 
tonian behavior,  and the more  s t rongly,  the g rea t e r  the pa rame te r  A. 

Thus, in those cases  when the boundary layer  thickness is commensura te  with the radius of the body 
of revolution, the influence of the t r ansver se  curvature  on the heat exchange and flow p rocesses  is quite 
significant. 

F ree  convection can be caused not only by a thermodynamic fac tor  (the gradient of the tempera ture  
field), but also by a chemical  fac tor  (the gradient of the concentrat ion field). Hence, a simultaneous anal-  
ys i s  of the influence of these fac tors  on the free convection p rocess  is of interest .  The equations of a two- 
component spatial boundary layer  for the free convection problem of a non-Newtonian fluid around a s lender  
body of revolution in the approximation used in [8] and neglecting thermal  diffusion and diffusion heat con-  
duction differ f rom the sys tem (1)-(3) by the presence  of the t e rm r|  a due to the concentrat ion lift, 
in the right side of (1) and by an additional equation for the diffusion of one of the components 

OO.. OOo Pr~ O ( r 06)~ 
ru  - + rv  . " - -  . ~ O y ~ ]  " 

Ox 0tj Pr. Oy , 

The boundary conditions are  

u = v = O ,  0 1 - - 0 . , =  1 at y = O ;  

u--)-O, 01--~0 , 0~--~0 at U---,-m. 

When the boundary layer  thickness is much less than the radius of the body of revolution ( 5 / r  0 << 1), the 
sys tem (1)-(3) is modified in such a way that the quantity r enters  only in the continuity equation (2), but 
not in (3) and (4). The case of a s lender body of revolution is considered henceforth.  The case  5 / r 0 << 1 
is considered at the end of the paper.  

Pe r fo rming  manipulations analogous to those elucidated above yields the sys tem of equations 

iT-hi n - - I  

, z f ' "  [["i n-1 (I = Aq) -~- --. n -__~1 f,, ]f,,in_ 1 A  (1 @ Aq) =y- -- @I@K@~ = 0, 
2 

6)i' (1 '-- An) -i- A@I ' f If'L 6); = O, 
f, 

6);(1-+-A,1) - -AO;!  pr2 f l f ' i  6);=0 
Pr t f' 

with the boundary conditions 

(30) 

(31) 

(32) 

f' = [ = 0, O 1 = 6).. = 1 for I] = 0, 

01--~0, 6)a--~0, ["--~0 for ~1--~,  
(33) 

where 

I 

I K = s i g n ( C o - - C ~ )  slgn(C0--C~ ) Grl 

It is hence necessa ry  to replace x by Ixl in the var iables  (10)-(12) because the motion can be directed 
upward ( x > 0 ,  f' >0 ,  u > 0) o rdownward  (x <0 ,  f' <0 ,  u <0) depending on Pr l ,  Pr2, andK.  The heat 
exchange and frict ion coefficients are  determined by means of (28) and (29) and the local mass-exchange  
coefficients by 

1 n 2rz~-I  

Nu 2 = - -  0; (0) Gr~ (n+l) P r l  3n~-I x an~-I (35) 

The following picture of the motion resul ts  f rom physical  considerat ions.  If Pr l  ~ Pr2, then if the signs 
of the tempera ture  and concentrat ion lifts agree  the medium moves to one side in the whole flow domain 
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(the s ign of f '  (7) and t h e r e f o r e  of  u a g r e e s  with the s ign of  the l i f t ) .  When the s igns  of the lift a r e  d i s t inc t ,  
n a m e l y ,  if one l if t  domina t e s  in the whole  domain ,  then jus t  flow r e t a r d a t i o n  holds ;  as  the second  lift g rows  
the flow at  the wal l  is s lowed down st i l l  m o r e ,  until the re  is a zone of oppos i te ly  d i r ec t ed  flow nea r  the 
s u r f a c e  which  g radua l ly  ex tends  into the whole flow domain  as  this mov ing  fo rce  g rows  fu r the r .  

If P r  1 = P r  2, no oppos i te ly  d i r e c t e d  f lows o r ig ina te  s ince  the t h e r m a l  and c o n c e n t r a t i o n  boundary  
l a y e r  t h i c k n e s s e s  a r e  equal.  When K > - 1 ,  the m e d i u m  m o v e s  upward ,  while oppos i te ly  d i r ec t ed  f lows 
hold fo r  K < --1 and,  f inal ly ,  the flow is at  r e s t  f o r  K = - 1 .  

The s y s t e m  (30)-(33) was  solved n u m e r i c a l l y  on a Minsk-22  e l ec t ron ic  c o m p u t e r  fo r  P r  1 = Pr2. Some 
r e s u l t s  of the compu ta t i ons  a r e  p r e s e n t  in Fig.  l b  and c.  The hea t  and m a s s  exchange ,  as  weU as  the f r i c -  
t ion,  depend subs tan t i a l ly  on the r a t io  Gr  2 / G r  1 and the c u r v a t u r e  p a r a m e t e r .  As the c u r v a t u r e  p a r a m e t e r  
i n c r e a s e s ,  the quant i ty  - 4 , 2 ( 0 )  g rows .  F o r d i v e r s e  values  of the ra t io  Gr  2 / G r  1 the c u r v e s  of the dependences  
a r e  a l m o s t  equid is tan t  (Fig. lb).  This  equal  d i s t ance  is  r e t a ined  within each  fami ly  c o n s t r u c t e d  a c c o r d i n g  
to the non-Newton ian  b e h a v i o r  p a r a m e t e r .  In c o n t r a s t  to -| the quant i ty  f" (0) depends quite s t rong ly  
on the flow index n (Fig. lc ) .  

When the bounda ry  l a y e r  th ickness  is much  l e s s  than the r ad ius  of the body of  revo lu t ion  ( 5 / r  0 << 1), 
the spa t ia l  a x i s y m m e t r i c  p r o b l e m  is r e duc ed  to the s y s t e m  (30)-(32) (the A = 0 case)  by in t roduc t ion  of  the 
v a r i a b l e s  x 1 �9 3 n ~ l  �9 n 

[ 3 n §  ( I . ) n (-~--n-~l) j ( c o s g l r ~ ) 2 n + l d X ]  -3n']-I , (36) 
~l = g  2n@ 1 r~cosa i 

0 

3n-~l 
I X I ( n + l )  

(rgcos %) 2~+i dX a~+l (37) 
u = (cos ch) ~ 2n + 1 rg cos a 1 

t) 

Ixl 

x = ~ ro (!xi) d !xl. (38) 
0 

a 

/ / ~ 1  T' ~,o 

,/0 ~ ' 

8S- l i 

/,0 " . I  1- 
I Y-J"t--- 

85 

o 1 1 [ 
z "n) ] --I" 

i 

/0 ~ ' ~ ~  r 

5 , d_ A 

Fig.  1. Dependence  of  the hea t  
exchange  and f r i c t ion  c h a r a c t e r -  
i s t i c s  on the c u r v a t u r e  p a r a m e t e r .  
a: 1) n = 0.5; 2) 0.75; 3) 1.0; heat  
and m a s s  exchange  on the c u r v a -  
tu re  p a r a m e t e r  and the r a t i o  Gr  2 
/ G r l .  b: 1) Gr  2 / G r l  = - 0 . 9 ;  2) 1; 
3) 10 [solid curve)  n = 1; dashes)  
n = 0.5] and f r i c t ion  on the c u r v a -  
tu re  p a r a m e t e r  and the ra t io  Gr  2 
/ G r l .  c:  data  the s a m e  as  f o r  b. 
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The h e a t -  and m a s s - e x c h a n g e  coef f ic ien t s  a r e  hence  wr i t t en ,  r e s p e c t i v e l y ,  a s  

(2n+l I - -  
Nu, = - -0~  (0) \ ~ /  

1 

" - ' ~ .-(r~ cos a~). 2~+1 3~+1 Orb(n+,) pr[3n-:~, 

S ro ~+-~ (cos ccz) 2~+i d ix a~L 
0 

, i=1 ,2 .  

In p a r t i c u l a r  c a s e s :  

1) sphe re ,  coso~ 1 = s i n x ,  r0 = s inx ;  

2) cone,  c o s a  i = cons t ,  r 0 = x s i n ~ l ;  

3) th ree - -d imens iona l  s tagnat ion  point ,  cos a l  = x,  r 0 = x; 

4) v e r t i c a l  cy l inder ,  c o s ~ i  = 1, r 0 = 1. 

P lane  p r o b l e m s  of  f r e e  convec t ion  of  a b ina ry  m i x t u r e  of  a non-Newtonian  fluid (pa r t i cu la r ly  f r ee  
convec t ion  a round:  1) a v e r t i c a l  plate;  2) a ho r i zon ta l  cy l inde r ;  3) a t w o - d i m e n s i o n a l  s tagnat ion  point;  4) 
a wedge) r educe  to the s y s t e m  (30)-(32) (the c a s e  A = 0). In this c a s e ,  the in t roduc t ion  of  new v a r i a b l e s  

�9 p r o p o s e d  in [1] with the quant i ty  x r e p l a c e d  by I xl t he re in  is n e c e s s a r y .  

XT~ y! 
U v , V v 

r 

T 

TO 
T~ 

CO 
C~ 
X 

L 
g 
k 
n 

P r  -- 9cp[Lg~ (T o - T ~ ) ] I / 2 L  
l 

~ Grn+ 1 

Gr 1 = ( - ~ - - )  [tg~ (T 0 -  T~)] 1/2 ; 

pLn ~2 
Gr2 = ( , - T - )  [Lgf } ,  (Co - -  C ~)1 ''2 

ro 
~, f(~), ~,2(~) 
A 
Nu 
c f  

N O T A  T I O N  

a r e  the d i m e n s i o n a l  c o o r d i n a t e s ;  
a r e  the d i m ens iona l  ve loc i t i e s ;  
zs the d i m e ns iona l  r ad i a l  coord ina te ;  
zs the absolu te  t e m p e r a t u r e ;  
xs the absolute  t e m p e r a t u r e  at  the wal l ;  
zs the absolu te  t e m p e r a t u r e  as  y '  --* co; 
is the concen t r a t i on  at  the wal l ;  
zs the c o n c e n t r a t i o n  as  y '  -~ ~ ;  
is the hea t  conduct iv i ty ;  
~s the coef f i c i en t  of  t h e r m a l  vo lume expansion;  
zs the c h a r a c t e r i s t i c  length; 
~s the f r ee  fall  a c c e l e r a t i o n ;  
~s the c o n s i s t e n c y  coeff ic ient ;  
~s the non -Newton ian  b e h a v i o r  p a r a m e t e r ;  
zs the modif ied  s t r e a m  function;  

is  the modif ied  P r a n d t l  n u m b e r  

is the modi f ied  G r a s s h o p f  number ;  

is the r ad ius  of  the body of  revolu t ion;  
a r e  the s e l f - s i m i l a r  v a r i a b l e s ;  
is  the c u r v a t u r e  p a r a m e t e r ;  
is the N u s s e l t  number ;  
is  the f r i c t ion  coeff ic ient .  

1, 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
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